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The Torque Wrench 

equilibrium to solve simple problems 
involving static equilibrium. 


GOALS OF THE MODULE 

This list of goals indicates what you 
should be able to do after completing the 
study of this module. 

1. Define clearly the following: torque, 
torque wrench, lever arm, equilibrium, 
static equilibrium, spring constant, canti- 
lever beam. 

2. Given the magnitude and direction of a 
force and its point of application on an 
object, determine the lever arm and the 
torque about a specified axis. 

3. State the conditions which the applied 
forces and torques must satisfy for an 
object to be in equilibrium. 

4. Be able to use the ideas of torque and 


5. State Hooke’s law. 

6. Given empirical information in either 
tabular or graphical form on how a 
system responds to an applied force, 
determine if it obeys Hooke’s law. If so, 
determine the spring constant. 

7. Be able to describe qualitatively how 
Hooke’s law depends on system para- 
meters, such as thickness and length, etc. 

8. Be able to apply Hooke’s law to more 
complicated systems, such as a com- 
pressed or stretched rod and a canti- 
lever beam. 
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INTRODUCTION 

Wrenches come in a large variety of sizes 
and shapes, as in Figure 1 . Despite the 
differences in appearance, all wrenches have 
two things in common: 

1. They are designed to rotate the objects 
to which they are applied; that is, they 
are made to produce a torque. 

2. They flex while being used. (For most 
wrenches the flexing is too small to be 
noticeable.) 

Both of these characteristics will be 
explored in this module by studying a special 
kind of wrench called a torque wrench. The 
principles associated with the design and 
operation of the torque wrench are funda- 
mental to many areas of science and technol- 
ogy. The goal of this module is to help you 
become familiar with these principles. Specifi- 
cally, you will learn about forces and torques, 


and you will study some mechanical proper- 
ties of the materials of which wrenches are 
made. 

You may wonder why a torque wrench 
would be used instead of a more common 
type of wrench. The answer is simple. In some 
applications it is important that sets of bolts 
be tightened uniformly. The set of bolts 
(called head bolts) which attach the head of 
an automobile engine to the block is a good 
example. The technical information for an 
engine specifies the torque to which the head 
bolts are to be tightened. The specified torque 
is chosen to ensure that the bolts are tight 
enough to securely hold the head in position, 
and yet not so tight that the forces developed 
when the engine is running would cause the 
bolts or the head to crack. 

A similar application of torque wrenches 
is to seal high-vacuum systems which use 
copper gaskets. In order to insure uniform 
crushing of the gasket and thus good seal, 
both the torque and tightening sequence are 
specified. 



Figure 1. The wrenches shown are of the following types: A, C, G, and H, various kinds of torque wrenches; 
B, pipe wrench; D, socket wrench; E, combination wrench; F, adjustable (crescent) wrench; 1, Allen wrench. 
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Let’s consider the first point of similar- 
ity among wrenches, their ability to produce 
torque. The torque wrench, the box wrench, 
the pipe wrench, the socket wrench, the 
crescent wrench, and the Allen wrench don’t 
look alike, yet each of them is used to 
develop a torque (twisting effect). They differ 
in how they grip, and in the shape of the 
handle. In each case a force applied to the 
handle produces a twist on a nut or bolt. 
Since each wrench produces a torque, more 
proper names might be “box torque wrench” 
or “pipe torque wrench.” Why do we reserve 
the name “torque wrench” for only one 
member of the wrench family? Perhaps it 
should be called a “torque measuring 
wrench,” since it measures torque. 

The ability of a torque wrench to mea- 
sure torque is a result of the second character- 
istic shared by wrenches. The handles of all 
wrenches flex. Most wrenches have such 
strong handles that the flexing isn’t noticed. 


However, the torque wrench makes use of the 
substantial flexing in the handle. Torque 
wrenches have scales and pointers to indicate 
the amount of torque. Figure 2 shows a 
commonly used torque wrench and its scale. 
The handle of the torque wrench flexes when 
a force is applied, then returns to its original 
shape when the force is removed. The prop- 
erty of the metal in the wrench that causes 
the wrench to return to its original shape after 
being distorted is called elasticity. This elastic 
property allows the applied torque to be 
measured. Thus, a mechanic can know when 
he has tightened a bolt to the manufacturer’s 
specification. 

In summary, all wrenches produce 
torque and all flex elastically when used. The 
torque wrench is unique in that the amount 
of torque it produces is shown by a built-in 
scale. These features will be used to study 
torque, equilibrium, and elasticity in subse- 
quent sections of this module. 



Figure 2. A commonly used torque wrench calibrated in ft *lb. 
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SECTION A 
Torque and Equilibrium 


INTRODUCTION 

Torque is the technical name for the 
twisting effect produced by a wrench. Al- 
though wrenches aren’t the only devices that 
produce torque, we’ll concentrate on them 
for the moment. The first experiment is 
designed to show how the torque depends on 
three factors: 

1 . The force applied to the handle 

2. The distance from the axis of rotation to 


the point of application of the force 

3. The angle between the handle and the 
line along which the force acts. 

Knowledge of the relation between 
torque and these factors will allow us to 
define torque precisely. For the moment, you 
may define torque as that which is measured 
by a torque wrench. Such a definition is 
called an operational definition. 
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EXPERIMENT A- 1. Torque 


A. Changing the Amount of the Hanging 

Mass 

1. Hang a mass from the end of a light- 
weight support (called a load arm) as 
shown in Figure 3. Use a screwdriver to 
get a feeling for the amount of torque 
required to hold the arm horizontal. To 
measure the torque, use the torque 
wrench, as shown in Figure 4. The scale 
on the wrench indicates the amount of 
torque applied by the wrench to the axis 
of the load arm. When the load arm is 
held in the horizontal position, this 
applied torque just “balances” that pro- 
duced by the hanging mass. The two 
torques are equal and opposite. Thus 
you can record the torque measured by 
the wrench as the torque produced by 
the hanging mass. 

2. Suspend a different mass from the end 
of the arm and again record the torque 
to hold it in the horizontal position. 
Repeat this procedure for several differ- 
ent masses. 



Figure 3. 


In each case, the torque you measure is 
produced by a force, the weight of the 
suspended mass. The weight is propor- 
tional to the mass. (If you wish to 
convert mass units to force units, see the 
Appendix at the end of the module.) 



Figure 4. 


3. (Optional) Make a graph of torque r on 
the vertical axis, and the hanging mass 
(or the applied force) on the horizontal 
axis. 

If the graph is a straight line passing 
through the origin, you can conclude 
that the torque is proportional to the 
applied force F. Mathematically, this is 
written as 

T ccF 


B. Changing the Position of the Hanging Mass 

1. Does the point from which the mass is 
suspended affect the amount of torque 
produced? To find out, repeat this ex- 
periment. However, this time measure 
the torques required to hold the arm 
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horizontal as the same mass is suspended 
at different points along the arm. First, 
suspend a mass from the end of the arm 
and measure the distance d from the 
point of suspension to the axis about 
which the load arm rotates. Record the 
torque required to hold the load arm 
horizontal. Move the hanging mass closer 
to the axis of rotation, record the new 
distance d, and measure the torque. 
Repeat for several values of the distance 
d including the point d = 0. 

2. (Optional) Make a graph of torque r on 
the vertical axis and horizontal distance 
d on the horizontal axis. This is really a 
plot of torque versus the distance be- 
tween the point at which the force 
(weight) is applied and the axis of 
rotation. 

If this graph is a straight line passing 
through the origin, you can conclude 
that the torque r is proportional to this 
distance d. Or, mathematically 

T Oi d 

C. Changing the Angle of the Lever Arm 

What happens if the arm is not horizon- 
tal? Before making further measurements, 
some new terms are needed. In Figure 5 the 
vertical line is an extension of the line along 
which the force acts. The line is called the line 
of action of the applied force. The line 
labelled “Z,” in the Figure is the perpendicular 
from the axis to the line of action of the 
force. It is called the lever arm. 

Hang the same mass as in part B from 
the end of the load arm. You can now vary 
the length of the lever arm by changing the 
angle the load arm makes with the horizontal. 



Choose lengths of the lever arm which are the 
same as the distances d measured in part B. 
Measure and record the torque required to 
hold the load arm at each position. How do 
these values of torque compare to those 
measured in part B? 

Question 1. Which, if any, of the equations 
below is consistent with all of the observa- 
tions made in this experiment? 

a. t — FL 

b. r = FL 2 

c. r = F/L 

Question 2. Are the units and the numerical 
scale readings on the torque wrench the same 
as the units of force (weight) and distance 
you used? Can you think of units other than 
those on your torque wrench which might be 
appropriate for torque? 
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THE DEFINITION OF TORQUE 

It is consistent with the results of Exper- 
iment A-l to define torque by means of the 
equation 

r = F'L (1) 

The torque wrench which you used is 
calibrated to agree with this definition. 

Sometimes it is more convenient to 
express the torque in terms of the actual 
distance from an axis of rotation to the point 
at which the force is applied. That distance is 
labelled r in Figure 6. The angle between r 
and F is called 6. For the right triangle shown 
in Figure 6, the sine of 6 is given by 

sin d = L/r (2) 

Thus, 

L = r sin 6 

and 

r = Fr sin 6 (3) 



The unit for torque is the unit of force 
times the unit of length. The most common 
units in use in this country are pound-foot 


(lb * ft), pound-inch (lb* in), and ounce-inch 
(oz*in). Most other countries, and many 
scientists in this country, use the metric 
system, in which the unit for torque is 
newton-meter (N*m). 

Example 1. The length (r) of the wrench in 
Figure 7 is 1 2 in and the applied force is 1 0 
lb. Determine the torque applied to the nut 
for: 

a. 6 = 90° 

b. 6 = 30° 

c. 0=0° 



Solution. The torque is obtained by use of 
Equation (3). 

r = Fr sin 6 

= (10 lb) (12 in) (sin 0) 

= (10 lb) (1 ft) (sin 0) 

Inserting the different values of 0 : 
a. t = (10 lb) (1 ft) (sin 90°) 

= 10 lb'ft 
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b. t = (10 lb) (1 ft) (sin 30°) 

= (10 lb) (1 ft) (0.5) 

= 5 lb -ft 

c. r = (10 lb) (1 ft) (sin 0°) 

= (10 lb) (1 ft) (0) 

= 0 

As the angle Q decreases from 90° the 
torque decreases even though the applied 
force remains the same. This happens because 
the lever arm L shown in Figure 8 decreases 
with decreasing angle. The perpendicular dis- 
tance from the axis to the line of action of 
the force (the lever arm) has these values for 
the three cases. 

a. L - r = 1 2 in 

b. L = r sin 30° = 6 in 

c. L = r sin 0° = 0 



Question 3. Do any of the measurements 
made in Experiment A-l confirm the answer 
to c? 

Problem 1 . In a situation such as Example 1 , 
if it is necessary to apply a torque of 100 
lb *in with a force of 8 lb when 6 = 60°, how 
long must the wrench handle be? 


In Experiment A-l you probably noticed 
that, even with no weight attached, some 
torque is necessary to hold the load arm in a 
horizontal position. This is not surprising 
since the load arm has some weight which, by 
our definition, must exert a torque. However, 
each particle in the arm has mass (weight) and 
exerts a torque equal to the product of its 
weight and its lever arm. Since we cannot 
easily specify the position of each particle 
which comprises the load arm, we take some 
kind of “average” value of the positions of all 
the particles. We call this average position the 
center of mass. 

The center of mass of an object is a 
single point at which all of its mass is 
considered to be concentrated. For many 
objects, the center of mass is at the center. 
For other objects, the location of the center 
of mass may be difficult to compute, but it 
can be located experimentally. 

For an axis which does not pass through 
the center of mass, the weight of the object 
exerts a torque equal to the product of the 
weight and the lever arm between the axis and 
the center of mass. In this module such 
torques will be neglected. If an object rotates 
about an axis other than its center of mass, it 
will be assumed to be weightless. 

STATIC EQUILIBRIUM 

Although the torque wrench is used to 
turn a nut or bolt, it measures torque when it 
is stationary. In this section you will study 
the relations among torques and forces on 
objects which are not moving. Such stationary 
objects are said to be in static equilibrium. (In 
general, any object which is moving at a 
constant velocity and turning at a constant 
rate is in equilibrium. In this module, we will 
consider only stationary objects.) 

What is necessary for static equilibrium? 
Look at Figure 9 to see if you can tell if the 
situation shown is in equilibrium. 

Experience tells us that the fish and scale 
are stationary. There is a downward force of, 
say 100 lb, acting on the fish (its weight). 
There is an upward force of 100 lb, also 
acting on the fish, and exerted by the scale. 
The force exerted by the scale on the fish and 


the weight of the fish act through a single 
point. Forces that act through a single point 
are called concurrent forces. 

Figure 10 shows a situation in which 
forces do not act through a single point. 
These forces are called nonconcurrent. The 
arrangement shown in Figure 1 0 will balance. 




If the bar weighs 1 lb, is the reading on the 
scale what one might expect? The static 
equilibrium of this situation is upset by 
moving either weight along the bar. If that is 
done, what kind of motion results? Do the 
weights produce torques about the point at 
which the bar is suspended? 

In thinking about the situations de- 
scribed above, you may have realized that for 
an object to be in equilibrium, the forces 
acting on the object must somehow cancel. If 
the net force on an object is not zero, the 
object will be accelerated. Also, the torques 
acting on the object must cancel. If the net 
torque on the object is not zero, the object 
will rotate. We will find a mathematical way 
of stating what is meant when we say that 
forces and torques cancel. 

In the case of the fish hanging from the 
scale, the spring exerts an upward force on 
the fish and gravity exerts a downward force 
on the fish. The two forces are the same size 
and, because of their opposite directions, they 
exactly balance each other. The net force on 
the fish is zero. When the fish is in equilib- 
rium, the total upward force equals the total 
downward force. 

If horizontal forces were acting, a similar 
requirement would be necessary. For the 
object to be in equilibrium, the total force 
acting to the right must equal the total force 
acting to the left. 

Although describing forces in terms of 
“up-down” and “right-left” is good enough 
for many situations, it is often necessary to 
have a more precise way to refer to directions. 
This is done by introducing a set of coordi- 
nate axes. In Figure 1 1 the x-axis and the 
y-axis are perpendicular to each other. They 
provide a convenient way to label directions. 
(Sometimes it is convenient to define a third 
(z) axis which is perpendicular to each of the 
other two.) 

Now we can state that a body is in 
equilibrium if the total force acting in the 
positive x-direction is the same as that acting 
in the negative x-direction. The same condi- 
tions must hold for the y- and z-directions. 

We arbitrarily agree to call a force along 
an axis positive if it acts in the positive 
direction of the axis and negative if it acts in 


Figure 10. 


the negative direction of the axis. With this 
choice, it is possible to restate the force 
condition for equilibrium. For an object to be 
in equilibrium, the sum of the forces in the 
x-direction must equal zero (that is, com- 
bining positive and negative numbers), and 
likewise for y and z. It is usually stated in 
somewhat briefer form: for an object to be in 
equilibrium, the net force in any direction is 
zero. 


rotation about that axis. For an object to be 
in equilibrium, the total clockwise torque 
must equal the total counterclockwise torque 
about any arbitrary axis. (It is customary to 
label counterclockwise torques positive and 
clockwise torques negative.) Then, the torque 
condition for equilibrium is as follows: for an 
object to be in equilibrium the net torque 
about any axis is zero. Mathematically, we 
can write 


+y 


— X 


+x 


2r = 0 (5) 

Applying these statements of the equilib- 
rium conditions to some examples may help 
you understand them better. You will have 
the opportunity to apply them in both the 
examples and problems which follow and in 
the laboratory exercises. 

Example 2. A meter stick is suspended from 
a spring balance by means of a string attached 
to its center. A 1-kg mass (M t ) is attached at 
the 10-cm mark. Another object, with mass 
M 2 , is attached at the 70-cm mark. The 
system is in equilibrium. See Figure 1 2. 


-y 

Figure 1 1 . 


This statement is often given in the form 
of three equations 

2F X = 0 
2F y =0 

2F Z = 0 (4) 

The Greek letter sigma (2) is an instruction to 
add together all of the forces. Thus, 2F X 
means “add algebraically all of the forces in 
the x-direction.” 

A similar statement is true for torques. 
Torques about a given axis tend to produce 
either a clockwise or a counterclockwise 
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a. What is the value of M 2 ? 

b. What is the reading on the spring 

balance? 

Assume that the weight of the meter stick is 
so small it can be ignored. 

Solution. Both the force and the torque 
condition for equilibrium must be satisfied. 
Considering the force condition first, the 
upward force exerted on the stick by the 
spring balance must be just equal to the 
downward force exerted by the objects 
hanging from the meter stick. That is, the 
spring balance reading is equal to the com- 
bined weight of the two objects. Since the 
weight of an object is equal to its mass times 
the acceleration due to gravity* 

W = F S = M x g + M 2 g 

= (1 kg) (9.8 m/s 2 ) + M 2 (9.8 m/s 2 ) 

However, we cannot find both F s and 
M 2 from this one equation; a second equation 
is needed. That second equation follows from 
the torque condition. First, we must select an 
axis about which to compute the torques. We 
can choose any axis, because the object is in 
equilibrium and the sum of the torques about 
any axis is zero. In this case it is convenient to 
choose the point at which the balance is 
attached— the 50-cm mark. With this choice, 
the torque produced by the spring balance is 
zero because the lever arm for F s is zero. (The 
line of action of this force passes through the 
axis selected for the torque calculation.) The 
force due to A/, tends to produce a counter- 
clockwise (positive) rotation. The force due 
to M 2 tends to produce a clockwise (negative) 
rotation. The torque condition for equilib- 
rium is 

Ti + t 2 = 0 

♦If you are not familiar with the difference between 
weight and mass, read the Appendix at the back of 
this module. 


Using the appropriate sign convention, this 
becomes 

FiLi - F 2 L 2 =0 

where Z,, = 40 cm and L 2 = 20 cm. Since the 
forces are due to the weights of masses, 
F\ = Mi g and F 2 = M 2 g, so that 

M x gLi - M 2 gL 2 = 0 

This can be solved for M 2 : 

MigLi M x Li 

M 2 = = 

gL 2 L 2 

= (1 kg) (40 cm)/(20 cm) = 2 kg 

Then, using the equation obtained from the 
force condition the scale reading is 

F s =M lg +M 2 g = (Mi +M 2 )g 

= (1 kg + 2 kg) (9.8 m/s 2 ) 

= 29.4 N 

To emphasize the point that, in equilib- 
rium, the total torque about any axis is zero, 
suppose we compute F s by using the torque 
about the left end of the meter stick. There 
are two clockwise (negative) torques due to 
the hanging masses M t and M 2 , and one 
counterclockwise (positive) torque due to the 
force exerted by the spring on the meter 
stick. The sum of these three torques must be 
zero: 

-MigLi - M 2 gL 2 + F s L 3 = 0 

Now, L\ =10 cm, L 2 — 70 cm and L 3 = 50 
cm. Solving for F s : 

F s =(M l L l + M 2 L 2 ) -j— 

_ . 9.8 m/s 2 

= (1 kg X 10 cm + 2 kg X 70 cm) — 

50 cm 

= 29.4 N 
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19.6 N X 20 cm 


Example 3. Figure 1 3 shows an oddly shaped 
object hanging in equilibrium from a spring 
balance. Its center of mass is at the point 
indicated and a force F 2 = 19.6 N is applied 
to keep it balanced. What is the object’s mass? 



Figure 13. 


Solution. This problem is similar to Example 
2. The force F 2 is the same and, since the 
weight behaves as if it were concentrated at 
the center of mass, the lever arms are also the 
same as those for the preceding example. 
Using the torque condition 

F 1 Li - F 2 L 2 =0 

MgL x - F 2 L 2 =0 
Solving for M : 


IV 1 — — —X 

gL x 9.8 m/s 2 X 40 cm 
= 1 kg 

As we might expect, the mass of the object is 
the same as M x in Example 2. Use of the 
force condition will show that the reading of 
the spring balance is also the same as that for 
the previous example. 

Problem 2. For the equilibrium situation 
shown in Figure 14, determine the values of 
M and D. Ignore the weight of the stick. 



Figure 14. 


Example 4. For Figure 15 determine the 
value of F x needed to produce equilibrium. 
Ignore the weight of the stick. 

Solution. The torque about the point of 
attachment of the spring due to F 2 is clock- 
wise (negative). Its magnitude can be calcu- 
lated from Equations (2) or (3). 
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For equilibrium, Fj must produce a Figure 16 . 
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EXPERIMENT A-2. Equilibrium 


For each of the situations described, 
predict the equilibrium values of the un- 
knowns (indicated by blanks in the tables), 
then verify these values by using the experi- 
mental apparatus. Your predictions should be 
based on the two conditions for equilib- 
rium: the net force equals zero and the net 
torque equals zero. Enter your prediction in 
the top half of each box and the observed 
value in the bottom half. 

For cases A, B, and C, both arms are 
horizontal as shown in Figure 17. First weigh 
the hub and arm assembly and record the 
weight W. W — 


Case 

(kg) 

m 2 

(kg) 

r\ 

(m) 

r 2 

(m) 

F s -W 

(N) 

A 

0.20 

0.40 

0.30 



B 


0.30 

0.15 

0.20 


C 



0.16 

0.24 

9.80 



Figure 17. 


For cases D and E, the left arm is 
horizontal and the right arm is 45° below the 
horizontal, as shown in Figure 1 8. W = 


Case 

Mi 

M 2 

r i 

r 2 

F s -W 


(kg) 

(kg) 

(m) 

(m) 

(N) 

D 


0.40 

0.11 

0.20 


E 



0.14 

0.20 

0.49 





Figure 18. 


Case 

Mi 

M 2 

r i 

r 2 

F 

0.50 


0.10 

0.33 
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Figure 19. 


For case F the arms form a right angle, 
as in Figure 1 9. The right arm makes an angle 

of 30° with the vertical. W = 

Each of the preceding examples, as well 
as the experiments, have involved forces in 
the vertical direction only. If horizontal 
forces are also present, the equilibrium con- 
ditions demand that the net horizontal force 
also be zero. More complicated equilibrium 
problems are easily solved if one uses each of 
the equilibrium conditions in turn. The alge- 
bra may become complicated, but the prin- 
ciple is precisely the same. The net force 
along any direction is zero, and the net torque 
about any axis is zero. 
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SUMMARY 

The twisting effect (torque) produced by 
a force depends on three factors: 

a. The magnitude of the force 

b. The distance from the axis to the point 
of application of the force 

c. The angle between the line of action of 
the force and the line joining the axis to 
the point of application of the force. 

The lever arm (or torque arm) is the 
perpendicular distance from the axis to the 
line of action of the force. 

The torque r about an axis perpendicular 
to the page at point P is defined by either of 
the following equations (the symbols are 
defined by the diagram) 

t = FL 

t — Fr sin 6 



An object is said to be in equilibrium if 
its linear and rotational velocities are constant. 
This implies that zero net force and zero net 
torque act on the object. An object is said to 
be in static equilibrium if it remains at rest. 
The conditions for equilibrium are: 

a. The net force along any direction is zero. 

b. The net torque about any axis is zero. 
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SECTION B 
Elasticity 


INTRODUCTION 

The elastic properties of the torque 
wrench will be studied in this section of the 
module. Instead of using actual torque 
wrench handles, which often have somewhat 
complicated shapes, we will analyze uniform 

EXPERIMENT B-l . 

Procedure 

1 . Set up the apparatus as shown in Figure 
20. Adjust the beam to a length of 40 
cm, measured from the holder to the end 
of the beam. Measure the width (B) and 
the thickness ( D ) of the beam. Measure 
the no-load position of the end of the 
beam by sighting across the top of the 
beam toward the vertical scale. Record 
this in the work sheet for this experi- 
ment. In each measurement of position, 
sight across the top of the beam, with 
your eyes at the beam level. Measure and 
record the new position of the end of 
the beam when a mass is hung from the 
end of the beam. Repeat for several 
masses over a range of deflections up to 
about 30 mm. (Some of the beams may 


rectangular beams of metal. Beams which are 
held rigidly at one end and which are loaded 
along the length or at the free end are called 
cantilever beams. Thus, in studying the be- 
havior of the torque wrench handle you are 
also studying a cantilever beam. 


The Cantilever Beam 

be too stiff to get that much deflection 
with the masses provided.) Subtract the 
no-load position from each reading to 
get the value of each deflection. 

2. Plot the deflection on the horizontal axis 
and the weight on the vertical axis. Since 
the applied force is equal to the weight 
(mg), this is equivalent to a plot of 
applied force versus deflection. With a 
ruler draw the straight line which best 
fits your data points. Find the slope* of 
the straight line, and be sure to indicate 
the units of the slope. 

*Pick any two points on the straight line. Measure the 
rise, the vertical distance between those points, and 
the run, the horizontal distance between the same 
two points. The slope is the rise divided by the run. 



Figure 20. 
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3. The fact that your data points are very 
close to a straight line through the origin 
means that the applied force is propor- 
tional to the deflection. Mathematically, 
we write 

F = kx 

The constant of proportionality k is 
called the spring constant or force con- 
stant. The value of k is equal to the 
slope of the straight-line graph. What are 
the units for kl Find it on your graph. 

The spring constant is a measure of the 
“stiffness” of the beam. From experience, 
you know that the stiffness depends on the 
size of the beam and on the material of which 
it is made. For beams of the same material, 
the stiffness depends on three dimensions, the 
length L, the thickness D, and the width B. 

You can guess, in a general way, how the 
spring constant depends on each of these 
three dimensions. For example, does the 
stiffness increase as the thickness of the beam 
increases? You could check this by measuring 
k for beams of the same length and width, but 
different thicknesses. 

The actual procedure would be to 
choose a beam of length L, width B, and 
thickness Z), . You would measure the deflec- 
tion x for various applied forces and plot 
applied force versus deflection. As before, the 
slope of this graph gives you a value of the 
spring constant k corresponding to a set of 
values of L, B, and Z), . Then you could 
choose another beam of the same material, 
having the same length L and the same width 
B, but a different thickness D 2 ■ The slope of a 
graph of force versus displacement for this 
beam would yield a value of k corresponding 
to thickness D 2 . This procedure then may be 
repeated to get enough values of k and D to 
plot a graph of k versus D. This graph would 
be a “picture” of the dependence of the 
spring constant on the beam thickness for a 


particular material of a given length and 
width. You could then make a graph of k 
versus L and use it to find the dependence of 
k on length. In a similar manner, the depen- 
dence of k on width B could be found. 

The dependence of k on length L may be 
done in the same way, except that you can 
use the same beam for all of your measure- 
ments, only changing the cantilever length. 

You can see that, although the proce- 
dure is both lengthy and tedious, it is straight- 
forward. After one has found separately the 
way in which k depends on L, on D, and on 
B, the dependences can be combined to give a 
single relation between k and all three quanti- 
ties. 

4. Instead of doing detailed measurements 
as described, you should try to establish 
in a general way how k depends on the 
geometry of the beam. In some cases, 
you may be able to pool your data with 
that of other students for different 
beams of the same material. In others, 
you will have to make additional mea- 
surements of k for different beams. You 
will be able to determine whether k 
increases or decreases with increasing L, 
increasing B, or increasing D. For 
example, two or three values of k corre- 
sponding to different values of L will 
allow you to see whether k increases or 
decreases as L increases. Several tables 
have been provided on the work sheet 
for this experiment so that you can 
make a number of sets of measurements. 

5. (Optional) The spring constant depends 
on each dimension raised to some power. 
With this as a hint, can you determine 
what the power must be for each dimen- 
sion, B, D, and LI For example, is the 
spring constant inversely proportional to 
the length, the length squared, or the 
length cubed? 
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HOOKE S LAW 


One of the results of Experiment B-l is 
that the deflection x of the end of a canti- 
lever, which is similar to the flexing of a 
torque wrench handle, is proportional to the 
applied force F. Mathematically, we write 

x F 

which, with the insertion of an appropriate 
proportionality constant k, becomes 

F = kx 

Many other systems behave in the same way. 
For example, in Figure 21, the force required 
to stretch a spring a distance x is proportional 
to x. 




Figure 21. 

If a pendulum (Figure 22) is pushed a 
short distance x from its rest position, the 
force required to hold it there is proportional 
to the distance x. Systems which exhibit such 
force-distance behavior are said to obey 
Hooke’s law. For such systems, the force 
required to produce a given displacement of 
the system is proportional to that displace- 
ment. 

One can also look at Hooke’s law from 
the viewpoint of the object being displaced. 
The stretched spring in Figure 21 exerts an 


F 



x 


Figure 22. 


upward force which is equal and opposite to 
the applied force F. This upward force, which 
tries to pull the spring back to its original 
position, is called a restoring force. Since the 
restoring force is always opposite to the 
applied force, we can write Hooke’s law as 

F = -kx 

where the minus sign indicates that the force 
exerted by the spring always tends to restore 
the system to its original (x = 0) position. 

Example 5. Figure 23 shows how the force 
depends on displacement for three different 
systems. Which one follows Hooke’s law? 
What is the value of k for that system? 
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Solution. The equation F = kx is the equa- 
tion of a straight line with slope k. In Figure 
23, system B is the only one of the three 
which is represented by a straight line. To 
find the slope of line B pick any two points 
on the line, say the points corresponding to 
x = 1 m and r = 3m. The run between these 
two points is 2 m. The corresponding rise is 
from F = 100 N to F = 300 N, or 200 N. 
Thus 


k 


, rise 
= slope = — 


run 


200 N 
2 m 


= 100 N/m 


Problem 4. Table I is for a spring which 
follows Hooke’s law. Determine the spring 
constant and fill in the blanks. 


Table I. 


Displacement 

(m) 

0 

0.05 

0.1 


0.7 

Force 

(N) 

0 


20 

100 



The behavior of many complex systems 
can be explained by starting from the be- 
havior of simpler systems. For example, the 
bending of a torque wrench or cantilever 
beam is determined by the shape and the 
properties of the metal. But the bending of a 
cantilever beam is related to the much simpler 
phenomenon of stretching a piece of the same 
material. We shall now discuss this. 

If a weight is suspended from a rod as 
shown in Figure 24, the rod stretches. When 
the weight is removed, the rod returns to its 
original length. Experiments also show that 
the increase in length is proportional to the 
applied force— the rod obeys Hooke’s law. In 
this region the rod is said to be elastic. Figure 
25 shows the results of such an experiment on 
a metal rod. The graph exhibits straight-line 
(Hooke’s law) behavior until the force be- 
comes quite large. Then the graph curves. 


Thus it isn’t quite correct to say that the rod 
always obeys Hooke’s law. Rather, it obeys 
Hooke’s law if the applied force isn’t too 
large. This is true for any real material; there 
is always a limit to the elastic behavior of a 
real object. When this elastic limit is reached, 
the straight-line behavior changes. Forces 
much larger than the elastic limit may perma- 
nently deform the system. For example, a 
spring which is stretched too far will not 
return to its original length. (When this 
happens, the yield point has been reached.) 
From here on we will restrict our attention to 
the straight line, or Hooke’s law region. 




Figure 25. 


In the Hooke’s law region the behavior 
of the rod is described by the equation 
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F — kx 

As with the beam, the constant of propor- 
tionality k is called the spring constant, or 
force constant. Although the form of this 
equation is the same as for the bending of the 
cantilever beam, in this case it refers to 
stretching instead of bending. For the same 
rod or beam, the value of k will be different 
for stretching from the value for bending. 

A similar experiment could be per- 
formed in which the rod is compressed 
instead of stretched. Such an experiment 
shows that, not only is the compression 
proportional to the applied force, but the 
spring constant for compressing is the same as 
for stretching. 

The spring constant for stretching 
depends on the material, the length of the 
rod, and the area of a cross-section of the rod. 

The way in which the spring constant 
depends on cross-sectional area can be 
deduced with the aid of Figure 26. Two 
identical rods are brought together to form a 
single rod of twice the cross-sectional area. 


Then, twice as much applied force 2W is 
necessary to stretch the two-rod system by 
the same amount a weight W stretches a single 
rod. In other words, the force constant k of 
the double-rod system is twice that of a single 
rod. The area of a cross section of the 
double-rod system is twice the area of a single 
rod. We conclude that the spring constant is 
proportional to the cross-sectional area. 

The dependence of the spring constant 
on length is illustrated by Figure 27. A weight 
W stretches each single rod an amount x. 
When the two rods are joined end-to-end, 
each still stretches an amount x so the total 
stretch is 2x. (This neglects the weight of the 
lower rod.) Since the same force produces 
twice the elongation, the spring constant is 
half that for the single rod. We conclude that 
the spring constant is inversely proportional 
to the unstretched length of the rod. Putting 
this into mathematical form, we get 

k *A/L 

where A is the cross-sectional area of the rod 
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Figure 27. 


and L is its unstretched length. Using Y as a 
constant of proportionality, this can be 
written as an equation 

k= Y(A/L ) 

The constant Y is called Young’s modulus or 
the stretch modulus, and it depends only 
upon the material of which the rod is made. 
Its value is determined experimentally by 
finding the value of k for a rod with known 
length and cross-sectional area. Table II gives 
approximate values of Young’s modulus for 
several materials. The precise values depend 
on how the metals are prepared. 

Example 6. A brass rod 1 Cf 6 m 2 (one square 
millimeter) in cross-sectional area and 2-m 
long is used to support a chunk of concrete 
weighing 100 N. Determine the change in 
length of the brass rod caused by the load. 


Table II. 


Material 

Young’s Modulus (N/m 2 ) 

Aluminum 

7 X 10 10 

Brass 

9 X 10 10 

Cast iron 

9 X 10 10 

Copper 

12 X 10 10 

Steel 

20 X 10 10 

Glass 

5 X 10 10 

Lead 

2 X 10 10 
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Solution. 


UNFLEXED 


F=kx 


and 


k = Y(A/L) 


Therefore 


x = F/k = FL/YA 

Use the data given in the problem 
together with the value of Young’s modulus 
from Table II: 


(100 N) (2 m) 

* ” (9 X 10 10 N/m 2 ) (10 -6 m 2 ) “ 

2.2 X 10" 3 m 
x = 2.2 mm 

Problem 5. A steel rod has a cross-sectional 
area of 2 mm 2 (2 X 10’ 6 m 2 ) and a length of 
1 0 m. How much force is required to stretch 
it 2 mm? 

It might seem that the bending of a 
cantilever is not related to the stretching and 
compressing of a rod. However, there is a 
close relationship, as indicated by Figure 28. 
Imagine that the beam is made up of a stack 
of thinner beams, as the figure shows. When 
the beam is bent, the top layers are stretched 
and the bottom layers are compressed. There- 
fore, we might expect that the bending of a 
cantilever beam would depend in some way 
on Young’s modulus. As you saw in Experi- 
ment B-l, the spring constant for bending 
increases as the width B and thickness D 
increase and decreases as the length L in- 
creases. A careful analysis, (which we shall 
omit) leads to a complicated equation for the 
spring constant of a cantilever (or of a 
torque-wrench handle). The relation is: 

* = (174) (BD 3 /L 3 ) 


FLEXED 


STRETCHED 



COMPRESSED 


Figure 28. 


The appearance of Young’s modulus in this 
expression indicates that the same physical 
property of the material is important for both 
stretching and bending. 

Example 7. Determine the deflection of the 
free end of a steel cantilever beam 40 cm 
long, 1 cm wide, and 3 mm thick. A 0.3-kg 
mass supplies the loading force. 


Solution. First it is necessary to determine 
the spring constant k of the beam. This 
requires a straightforward application of the 
equation for the spring constant for a canti- 
lever beam: 

k = (Y/4)(BD 3 /L 3 ) 

_ 20 X 10 10 N/m 2 


(10~ 2 m) (3 X 10" 3 m) 3 


= (5 X 10 


(0.4 m) 3 

io (10" 2 )(27 X 10~ 9 ) 
(0.064) 


N/m 


= 21 1 N/m 

The deflection is found from 


x = F/k 


0.3 kg X 9.8 m/s 2 
21 1 N/m 


1.4 cm 
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Problem 6. Using data from Experiment B-l, 
determine Young’s modulus for the material 
in one of the beams you used. 

Example 8. Suppose you are to design a 
torque wrench which can measure torques up 
to 100 N*m. The material available for the 
handle is a stainless steel bar with a square 
cross section 7 mm on a side. The scale 
available is 1 00 mm long (50 mm on each side 
of zero). How long should the handle be? 

Solution. Assume that the cantilever relation 
is valid : 

F= kx = (Y/4) (BD 3 /L 3 )x 

Also assume that the force is applied to the 
end of the handle, as indicated in Figure 29. 


X 



F 

Figure 29. 


Then the torque is 
t — FL 

= (Y/4) ( BD 3 /L 3 )xL 
= 074) ( BD 3 /L 2 )x 

Then 

L 2 = (Y/4)BD 3 x/t 

For the maximum deflection, this is 

l2 (20 X IQ 10 N/m 2 ) (7 X 10~ 3 m 2 ) 4 
4 X 100 N-m 

(50 X 10" 3 m) 


a .06 m 2 

L = .245 m = 24.5 cm 

The handle of the wrench should be about 
24.5 cm long. 


Problem 7. A small torque wrench is designed 
to measure torques up to 25 in*lb. The part 
of the handle which bends (the cantilever) is 

3.8 in long and it has a square cross section 
0.1 in on a side. The deflection of the end of 
the cantilever at maximum torque is 0.5 in. 
Find Young’s modulus for the material from 
which the handle is made. (To convert your 
answer from lb/in 2 to N/m 2 , multiply it by 

6.9 X 10 3 .) 


SUMMARY 

Beams which are held rigidly at one end 
and loaded along the length or at the other 
end are called cantilever beams. 

Many systems, including the cantilever 
beam, obey Hooke’s law: the force required 
to produce a displacement is proportional to 
the displacement. That is, F = kx. The 
constant of proportionality k is called the 
spring constant. 

The spring constant k for a stretched (or 
compressed) rod depends on the cross- 
sectional area A, the unstretched length L, 
and a property of the material called Young’s 
modulus, Y: 

k = Y(A/L) 

The spring constant k for a cantilever 
beam depends on the length L, width B, 
thickness D, of the beam, and on Young’s 
modulus, k = (Y/4) (BD 3 /L 3 ). 

The torque produced by exerting a force 
Ton the end of the cantilever is 

r = (Y/4) (BD 3 /L 2 )x 

where jc is the deflection of the end of the 
beam. 


ADDITIONAL PROBLEMS 

1. Define the following: 


a. Torque wrench 

b. Torque 

c. Lever arm 

d. Equilibrium 

e. Static equilibrium 

f. Spring constant 

g. Cantilever beam 

2. State the conditions which the applied 
forces and torques must satisfy for an 
object to be in equilibrium. 

3. For the situation shown in Figure 30, 
determine the lever arm and the torque 
associated with the force F. Use the 
point P for the axis. 


equilibrium. Determine F 2 and F 3 . (The 
weight of the stick can be ignored.) 

5. State Hooke’s law. 

6. The graphs in Figure 32 show how the 
force depends on displacement for three 
different systems. Which one follows 
Hooke’s law? What is the value of the 
spring constant? 




4. The stick shown in Figure 31 is in 

f 2 

1 


lm 

2 m 


o 

II 

ur 

F 2 ' 


Figure 31. 


7. The equation for the spring constant for 
a cantilever is 

k = (YI4)(BD 3 /L 3 ) 

a. If a steel cantilever 2 m long and 
1 cm thick is to have a spring 
constant of 500 N/m, how wide 
must it be? (Young’s modulus for 
steel is 20 X 10 1 0 N/m 2 .) 

b. How much will the end deflect if a 
force of 25 N is applied to the end, 
at a right angle to the beam? 

8. A rod 2 m long has a cross-sectional area 
of 4 mm 2 . To stretch it 3 mm, a force of 
720 N is required. Determine Young’s 
modulus for the material. If the material 
is one of those listed in Table II, which 
must it be? 
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Answers for Additional Problems 

1. Definitions: 

a. A torque wrench is a tool which 
can apply a torque to a nut or bolt 
and which has a scale to indicate 
how much torque is being applied. 

b. Torque is the twisting effect pro- 
duced by an applied force. It is 
defined by the equation 


g. Beams which are held rigidly at one 
end and loaded along the length or 
at the other end are called canti- 
lever beams. 

2. For an object to be in equilibrium, two 
conditions must be satisfied: 

a. The net force must be zero. 

b. The net torque about any axis must 
be zero. 


t = FL 


3. Lever arm = 1 .73 m 


where r is the torque, F is the 
applied force, and L is the lever 
arm. 


Torque = 34.6 N*m 
4. F 3 = 5 N 


c. The lever arm is the perpendicular 
distance from the axis to the line of 
action of the force. 

d. An object is in equilibrium if both 
its translational speed and rota- 
tional speed are constant. 

e. An object which is not moving is in 
static equilibrium. 

f. For systems which obey Hooke’s 
law, the force required to produce a 
displacement is proportional to the 
displacement. The constant of pro- 
portionality is called the spring 
constant k. 


F 2 = 1 5 N 

5. For systems which obey Hooke’s law, 
the force required to produce a displace- 
ment is proportional to the displace- 
ment. 

6. System B obeys Hooke’s law, and has a 
spring constant of 6 N/m. 

7. a. B = 8 cm 

b. 5 cm 

8. Y = 1 2 X 1 0 1 0 N/m 2 ; copper 
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APPENDIX 


Weight and Mass 

Weight and mass are different concepts. 
The weight of an object is the gravitational 
force acting on it. For example, if you hold a 
piece of iron in your hand you can feel its 
weight, which is due to the gravitational 
attraction which the earth exerts on the iron. 

The mass of an object is a measure of its 
resistance to any change in its motion. You 
feel this property when you throw an object. 
You must exert a force on the object to 
change its motion from a state of rest to one 
in which it is moving. Similarly, you feel it 
when you stop a moving object; for example, 
when you catch a baseball. 

The weight of any object is proportional 


to its mass. If we let W represent the weight 
and M the mass, then 

W = Mg 

where g is the acceleration due to gravity, 
if the object were freely falling. The value 
of g near the surface of the earth is about 
9.8 m/s . Thus a 10-kg object has a weight 
of 98 N. 

The relation between weight and mass 
emphasizes an important point. Although the 
mass of an object does not depend on where 
it is, its weight does because the value of g 
depends on location. A 1-kg object weighs 
9.8 N on the earth, but only about one-sixth 
of that on the moon. However, its mass is still 
1 kg on the moon. 
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WORKSHEET 


Experiment A-l. Torque 

A. Changing the Amount of the Hanging 
Mass 


Mass (g) 

Torque (in Mb) 











B. Changing the Position of the Hanging 
Mass 

Mass = g 

Distance (d) 

Torque (in Mb) 


C. Changing the Angle of the Lever Arm 


Lever Arm ( L ) 

Torque (in Mb) 
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WORKSHEET 


Experiment B-l . The Cantilever Beam 

1 . Beam width B = 

Thickness D = 

Length L = 


Suspended 
Mass (kg) 

Suspended 
Weight (N) 

No-load 
Position (mm) 

Loaded 
Position (mm) 

Deflection 

(mm) 
































Spring constant k = N/m 


2. Beam width B = 
Thickness D = 
Length L = 


Suspended 
Mass (kg) 

Suspended 
Weight (N) 

No-load 
Position (mm) 

Loaded 
Position (mm) 

Deflection 

(mm) 



























Spring constant k — — N/m 
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3. Beam width B = 
Thickness D = 
Length L = 


Suspended 
Mass (kg) 

Suspended 
Weight (N) 

No-load 
Position (mm) 

Loaded 
Position (mm) 

Deflection 

(mm) 



























Spring constant k = N/m 


Part 4 

Does the stiffness (spring constant k ) of 
the cantilever beam increase, decrease, or stay 
the same when 

a. The length L is increased? 


b. The thickness D is increased? 

c. The width B is increased? 

Write an equation for the spring constant 
in the form: k = (a number) L n B m D p where 
n, m and p are some small whole numbers. 
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